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Abstract
We establish in this paper some inequalities for vertex distances of two simplices, and give some
applications thereof.
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1. Introduction
Let Ω be an n-dimensional simplex in Rn with vertices A0,A1, . . . ,An (i.e., Ω =
〈A0,A1, . . . ,An〉) and of volume V , and let Ωi = 〈A0, . . . ,Ai−1,Ai+1, . . . ,An〉 be its
facet which lies in a hyperplane πi , Fi the facet area of Ωi (i.e., its (n − 1)-dimensional
volume), and θij the internal dihedral angle between Ωi and Ωj .
The well-known Neuberg–Pedoe inequality is the first inequality involving two trian-
gles, see [13–15]. Yang and Zhang in [18] generalized the famous Neuberg–Pedoe inequal-
ity to two n-simplices. They proved the following elegant result.
Theorem 1. Suppose that Ω = 〈A0,A1, . . . ,An〉 and Ω ′ = 〈A′0,A′1, . . . ,A′n〉 are two n-
simplices with volume V and V ′, aij = |AiAj |, F ′i the facet area of Ω ′i , θ ′ij the internal
dihedral angle between Ω ′i and Ω ′j . Then∑
0i<jn
a2ijF
′
i F
′
j cosθ
′
ij  2n3V 2/nV
′2−2/n,
with equality holds if and only if Ω and Ω ′ are similar.
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in Rn, which only combines facet areas and volumes of two simplices.
The researches inspired by Pedoe on geometric inequalities for two n-simplices have
been done extensively [1–11,17,18]. The main aim of this paper is to establish some new
inequalities for vertex distances of two simplices. As applications, we give some inequali-
ties for a simplex and its polar simplex, and also show other inequalities for a simplex.
Our main results are the following theorems.
Theorem 2. Suppose that Ω = 〈A0,A1, . . . ,An〉 and Ω ′ = 〈A′0,A′1, . . . ,A′n〉 are two
n-simplices with volume V and V ′ and with facet areas Fi and F ′i (i = 0,1, . . . , n), re-
spectively. Put F =∑ni=0 Fi, and F ′ =∑ni=0 F ′i . Then
n∑
i=0
n∑
j=0
F ′j (F − 2Fi)‖AiA′j‖2  2n4(n − 1)V V ′, (1.1)
n∑
i=0
n∑
j=0
(F ′ − 2F ′j )(F − 2Fi)‖AiA′j‖2  2n4(n − 1)2VV ′, (1.2)
n∑
i=0
n∑
j=0
F ′jFi‖AiA′j‖2  2n4VV ′, (1.3)
and equalities hold if Ω and Ω ′ are regular and their centers are coincident.
In fact, we will establish three inequalities more general than (1.1)–(1.3), as follows.
Theorem 3. Under the hypotheses in Theorem 2, we have
n∑
i=0
n∑
j=0
F ′j (F − 2Fi)‖AiA′j‖2  n4(n − 1)
(
F ′
F
V 2 + F
F ′
V ′2
)
, (1.4)
n∑
i=0
n∑
j=0
(F ′ − 2F ′j )(F − 2Fi)‖AiA′j‖2  n4(n − 1)2
(
F ′
F
V 2 + F
F ′
V ′2
)
, (1.5)
n∑
i=0
n∑
j=0
F ′jFi‖AiA′j‖2  n4
(
F ′
F
V 2 + F
F ′
V ′2
)
, (1.6)
and equalities hold if Ω and Ω ′ are regular and their centers are coincident.
This paper, except for the introduction, is divided into two sections. In Section 2, we
will give the proof of Theorem 3. Finally, by applying Theorem 2, we will show some
inequalities for a simplex and its polar simplex in Section 3.
2. The proof of Theorem 3
To prove Theorem 3, we need some lemmas.
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recent investigation of geometric inequalities of finite point set [7,8,12].
Lemma 1 (Zhang and Yang [19]). Let J= {Ai(xi), i = 0,1, . . . ,N} be a mass-point sys-
tem Rn. The point Ai are endowed with corresponding weights xi > 0 (i = 0,1, . . . ,N
and N  n). Denote by Vi0i1...ik the k-dimensional volume of the k-dimensional simplex
spanned by the points Ai0 ,Ai1, . . . ,Aik of J (0 i0 < i1 < · · · < ik N). Put
Mk =
∑
0i0<i1<···<ikN
xi0xi1 . . . xikV
2
i0i1...ik , M0 =
N∑
i=0
xi.
If k, l ∈ {1,2, . . . , n}, k < l, then
Mlk
Mkl
 [(n − l)!(l!)
3]k
[(n − k)!(k!)3]l · (n!M0)
l−k, (2.1)
and equality holds if and only if the inertial ellipsoid of J with respect to its barycenter is
a hypersphere.
For the proof of Lemma 1 the reader is also referred to [12].
Lemma 2. Let Ω = 〈A0, . . . ,An〉 be the coordinate simplex in Rn. Let J = {Ai(xi), i =
0,1, . . . , n} be a mass-point system Rn. The points Ai are endowed with corresponding
weights xi > 0 (i = 0,1, . . . , n). If G is the centroid of J and P ∈ Rn, then
‖PG‖2 =
∑n
i=0 xi‖PAi‖2∑n
i=0 xi
−
∑
0i<jn xixja
2
ij
(
∑n
i=0 xi)2
. (2.2)
For the proof of Lemma 2 the reader is referred to [12, p. 490].
Lemma 3. Suppose that Ω = 〈A0,A1, . . . ,An〉 and Ω ′ = 〈A′0,A′1, . . . ,A′n〉 are two n-
simplices, aij = ‖AiAj‖, a′ij = ‖A′iA′j‖. If {xi}ni=0 and {x ′i}nj=0 are two series of positive
numbers. Put M =∑ni=0 xi , M ′ =∑ni=0 x ′i . Then
n∑
i=0
n∑
i=0
xix
′
j‖AiA′j‖2 
M ′
M
∑
0i<jn
xixja
2
ij +
M
M ′
∑
0i<jn
x ′ix ′j a′2ij , (2.3)
and equality holds if and only if G = G′, where G and G′ are the centroids of J =
{Ai(xi), i = 0,1, . . . , n} and J′ = {A′i (x ′i ), i = 0,1, . . . , n}, respectively.
Proof. Choose Ω as the coordinate simplex in Rn. Taking for P = G′ in (2.2), we obtain
‖GG′‖2 =
∑n
i=0 xi‖G′Ai‖2
M
−
∑
0i<jn xixja
2
ij
M2
. (2.4)
On the other hand, choose Ω ′ as the coordinate simplex in Rn. Taking for P = Ak (k ∈
{0,1, . . . , n}) in Lemma 2, it follows that
‖AkG′‖2 =
∑n
i=0 x ′i‖AkA′i‖2 −
∑
0i<jn x
′
ix
′
j a
′2
ij
. (2.5)
M ′ M ′2
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n∑
i=0
xi‖AiG′‖2 =
∑n
i=0
∑n
j=0 xix ′j‖AiA′j‖2
M ′
− M
∑
0i<jn x
′
ix
′
j a
′2
ij
M ′2
. (2.6)
Combining (2.4) and (2.6), one obtains
n∑
i=0
n∑
j=0
xix
′
j‖AiA′j‖2 −
M
M ′
∑
0i<jn
x ′ix ′j a′2ij −
M ′
M
∑
0i<jn
xixja
2
ij
= MM ′‖GG′‖2  0. (2.7)
So (2.3) is proved. 
Lemma 4 [5]. Let Ω = 〈A0,A1, . . . ,An〉 be an n-simplex with facet areas Fi (i =
0,1, . . . , n), and let
λi = F − 2Fi
Fi
(i = 0,1, . . . , n).
Then
n∑
i=0
n∏
j=0
j =i
λj  (n + 1)(n− 1)n, (2.8)
and equality holds if and only if F0 = F1 = · · · = Fn.
For the proof of Lemma 4 the reader is also referred to [20].
Proof of Theorem 3. Taking for xi = F − 2Fi , x ′i = F ′i (i = 0,1, . . . , n) in Lemma 3, one
obtains
n∑
i=0
n∑
j=0
F ′j (F − 2Fi)‖AiA′j‖2
 (n − 1)F
F ′
∑
0i<jn
F ′i F ′j a′2ij +
F ′
(n − 1)F
∑
0i<jn
(F − 2Fi)(F − 2Fj )a2ij .
(2.9)
To finish the proof of (1.4), from (2.9), we will show the following two inequalities:∑
0i<jn
(F − 2Fi)(F − 2Fj )a2ij  n4(n − 1)2V 2, (2.10)
∑
0i<jn
F ′i F ′j a′2ij  n4V ′2. (2.11)
Firstly, we prove (2.10). By taking N = n, k = 1, l = n − 1 in Lemma 1, we get( ∑
0i<jn
xixja
2
ij
)n−1
 nn−4n!2
(
n∑
i=0
xi
)n−2 n∑
i=0
(
n∏
j=0
xj
)
F 2i . (2.12)j =i
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0i<jn
(F − 2Fi)(F − 2Fj )a2ij
)n−1
 cnFn−2
n∑
i=0
(
n∏
j=0
j =i
(F − 2Fj )
)
F 2i ,
(2.13)
where cn = (n − 1)n−2nn−4n!2.
Let νi = F − 2Fi (i = 0,1, . . . , n). With loss of generality, we may assume F0  F1 
· · ·  Fn. Then ν0  ν1  · · ·  νn, which implies ν0−1F0  ν1−1F1  · · ·  νn−1Fn.
According to Chebyshev’s inequality and Lemma 4, we deduce that
n∑
i=0
(
n∏
j=0
j =i
(F − 2Fj )
)
F 2i =
(
n∏
i=0
νi
)(
n∑
i=0
(
νi
−1Fi · Fi
))
 1
n + 1
(
n∏
i=0
νi
)(
n∑
i=0
νi
−1Fi
)(
n∑
i=0
Fi
)
= F
n + 1
(
n∑
i=0
n∏
j=0
j =i
λj
)(
n∏
i=0
Fi
)
 (n − 1)nF
(
n∏
i=0
Fi
)
. (2.14)
By (2.13), (2.14) and applying the arithmetic–geometric mean inequality to F , we obtain( ∑
0i<jn
(F − 2Fi)(F − 2Fj )a2ij
)n−1
 cn(n + 1)n−1(n − 1)n
(
n∏
i=0
Fi
)2n/(n+1)
. (2.15)
Applying the well-known inequality [3,17,19](
n∏
i=0
Fi
)2n/(n+1)
 n
3n−2
(n − 1)!2(n + 1)n−1 V
2n−2 (2.16)
to the right-hand side of (2.15), we infer (2.10).
Secondly, we prove (2.11). Applying (2.12) to Ω ′ and taking xi = F ′i (i = 0,1, . . . , n),
we find( ∑
0i<jn
F ′i F ′j a′2ij
)n−1
 nn−4n!2F ′n−1
(
n∏
i=0
F ′i
)
. (2.17)
By using the arithmetic–geometric mean inequality and (2.16) to the right-hand side
of (2.17), (2.11) follows. Thus (1.4) holds.
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applying (2.10), we can derive (1.5). Further, by taking xi = Fi , x ′i = F ′i (i = 0,1, . . . , n)
in Lemma 3 and applying (2.11), we can infer (1.6). Thus we complete the proof of Theo-
rem 3. 
3. Applications
Now we need some new notations. Let K be a convex body and o ∈ intK . The polar
body of K is defined by [16]
K∗ = {x ∈ Rn | 〈x, y〉 1 for all y ∈ K}.
For a face E ⊂ K we can define the conjugate face of E by
Eˆ = {x ∈ K∗ | 〈x, y〉 = 1 for all y ∈ E}.
Obviously, the polar body of a simplex is again a simplex. Further, if Ωi is a facet of a
simplex, then its conjugate face Ωˆi is a facet of Ω∗.
Lemma 5 [10]. Let Ω∗ be the polar simplex of a simplex Ω , V and V ∗ the volumes of Ω
and Ω∗. Then
V V ∗  (n + 1)
n+1
n!2 , (3.1)
and equality holds if and only if the centroid of Ω and o are coincident.
Taking Ω ′ as the polar simplex Ω∗ of Ω in Theorem 2 and applying Lemma 5, we can
infer the following interesting inequalities.
Theorem 4. Let Ω∗ = 〈A∗0,A∗1, . . . ,A∗n〉 be the polar simplex of an n-simplex Ω =
〈A0,A1, . . . ,An〉, Ωˆi the conjugate facet of the facet Ωi , and let Fi and Fˆi be the facet
areas of Ωˆi and Ωi . Put F =∑ni=0 Fi, and Fˆ =∑ni=0 Fˆi . Then
n∑
i=0
n∑
j=0
Fˆj (F − 2Fi)
∥∥AiA∗j∥∥2  (n − 1)γn,
n∑
i=0
n∑
j=0
(Fˆ − 2Fˆj )(F − 2Fi)
∥∥AiA∗j∥∥2  (n − 1)2γn,
n∑
i=0
n∑
j=0
FˆjFi
∥∥AiA∗j∥∥2  γn,
where γn = 2n4(n + 1)n+1/n!2, and equalities hold if Ω is regular and the centroid of Ω
and o are coincident.
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n∑
i=0
Fˆi (F − 2Fi) n − 12n γn.
Suppose that ri is the radius of the ith escribed hypersphere of Ω , hi the altitude of Ω
from the vertex Ai , i.e., the distance from Ai to πi . According to the known fact [12]
ri = nV
F − 2Fi , hi =
nV
Fi
,
it is clear that Theorem 2 can write as the following equivalent form.
Theorem 5. Suppose that Ω = 〈A0,A1, . . . ,An〉 and Ω ′ = 〈A′0,A′1, . . . ,A′n〉 are two n-
simplices with the radii of escribed hyperspheres r0, r1, . . . , rn and r ′0, r ′1, . . . , r ′n, and with
altitudes h0, h1, . . . , hn and h′0, h′1, . . . , h′n, respectively. Then
n∑
i=0
n∑
j=0
‖AiA′j‖2
rih
′
j
 2n2(n − 1), (3.2)
n∑
i=0
n∑
j=0
‖AiA′j‖2
rir
′
j
 2n2(n − 1)2, (3.3)
n∑
i=0
n∑
j=0
‖AiA′j‖2
hih
′
j
 2n2, (3.4)
and equalities hold if Ω and Ω ′ are regular and their centers are coincident.
Remark. By the results of [5], we also get the following inequality:
n∑
i=0
1
rih
′
i
 δn
(V V ′)1/n
,
where δn = (n − 1)n2((n + 1)/n!)1/n.
Taking for Ω ′ = Ω in Theorem 5, we can easily derive the following interesting in-
equalities for an n-simplex.
Theorem 6. Suppose Ω = 〈A0,A1, . . . ,An〉 is an n-simplex with the radii of escribed
sphere r0, r1, . . . , rn and with altitudes h0, h1, . . . , hn, respectively. Let aij = ‖AiAj‖.
Then
∑
0ijn
a2ij
rihj
 n2(n − 1), (3.5)
∑ a2ij
ri rj
 n2(n − 1)2, (3.6)
0ijn
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0ijn
a2ij
hihj
 n2, (3.7)
and equalities hold if Ω is regular.
Remark. The inequality (3.7) is a generalization to several dimensions of Mitrovic’s in-
equality. For the other proof (3.7) the reader is referred to [8].
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